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BRIEF NOTES
An optimal design problem ·
A nonexistence theorem
V. KOMKOV (ANN ARBOR) .

WE PROVE the nonexistence of optimal design for the vibrating inhomogeneous
membrane.

1. Statemeat of the problem

WE STUDY the design of a vibrating inhomogeneous membrane occupying a domain D s;; R 2 ,
which is simply connected and has a sufficiently smooth boundary. The fundamental
mode of vibration u(x, y) satisfies the difFerential equation
(I. I}

Llu(x, y)+ A, e(x, y) • u(x, y) = 0 in D,

( Ll = ::. + :;.),

u

=0 on OD,

where aD denotes the boundary of D, e(x, y), which is positive in D, is the material density, and A. 1 is the fundamental eigenvalue (A. 1 = c.of; where w1 is the fundamental frequency). We assume that eu e HMD). Equation (1.1) can also represent a linear approximation
to a neutron flux density in a critical operation of a nuclear reactor. An analysis of bounds
for A. with fixed e(x, y) can be found in [8].
An almost natural problem of design theory is the following. Choose e(x, y) E L 2
(D)nL 1 (D), e > '0 (subject to a constraint such as e(x, y) dx dy = 1), which maxi-

J

D

mizes the fundamental eigenvalue A1 •
2. State space analysis

The problem of finding A1 for a given e(x, y) is equivalent to the variational problem
of minimizing the Rayleigh quotient
(2.1)

A1 (u)=min,

{11Vull 2 /(eu,w)},

(V=grad);

ueHA.

Here
(2.2)

. <f, g)=

Jf(x, y)g(x, y)dxdy,

and

D
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For physical reasons only continuous solutions u(x, y) are considered. The vanishing·
of th~, Frechet derivative of li(u) (for a fixed choice of(! (x, y)) which is a necessary con-:
dition for the minimum of At results in the Euler-Lagrange condition L1u=- A:eu, which
is the original equation (1.1); See Appendix 1 for computational details.
We are ready to state our main result.
We make first an observation that if e(x, y) e C(D), then there exisJS a subset K £
. H 1 (D) such that for any e K £ C(D) all eigenfunction., of Eq.. (1.1) are of single
multiplicity.
.
·
. .
.
. Here we could repeat the basic arguments of UHLENBBCK [5]. The eingenvalue problem (L1) can be restated in the form

e

(2.3)

(1- A1 -p)G(e(x, y); x, y))u

= 0,

where I is the identity opc;rator, G(x, y) is the fundamental solution for the Laplace oper-ator, an,d where I' is a constant 0 ~ p < At· The map H 1 (D) x R __. L 2 (D) is a Fredholm map of index zero. ·_(feeS. OzAWA [6] for the proof) Instead of perturbing the shape
and keeping the ·boundary values constant, we can select a region Q entirely contained
inside the perturbation region D, bu~ sufficiently close to the actual boundary, and regard
the behavior of u(x, y) only inside Q and on the boundary of Q as a corresponding bound. ary value perturbation. problem ..
Then the variational formulas for the Green function can be literally copied from [5]
and [6].
Sirice this remark is only marginal to our res\llts we shall refer the readers to papers
~f K. UHLENBECK, and 0. FUJIWARA, M. TANIKAWA and "s. YUKITA (7) for · detailed arguments..
We make the following basic assumptions.
We seek a class of solution {At, u(x, y)} eR x H 1 (D) corresponding to the · choice
of bounded, positive, piecewise continuous functions e(x, y) ~ M; x, ye D, satisfying

f e(x, y) dx dy =

I. (Clearly each such function e(x, y) satisfies:

D

(! E

L 2 (D) and e(x, y) X

.

x u(x, y) e HJ(D)). Such functions e(x, y) shall be called admissible designs, if u((x, y);
e(x, y)) is continuous in D. Our problem is to find a sequence of admissible designs {!t
(x, y) SlJ.Ch that (!i(X, y) .£ e(x, y) (which may not be an admissible desi,gn) and Of corresponqing pairs {A 1 (ej), u1(e;)} such that

At@)= sup {min{IIVu,ll 2 /(e,u 1u,)} = lim(At(e,)).
QeV(D)

ueHA

(e>

1-+oo

We note that there exists At
and that a sequenCe of admissible designs can be chosen conversing to the optimal design since .continuous functions are dense in L 2 (D)
functions e(x, y), which in our case also are bounded in D by some number M.
We assume that the eigenvalue ). 1 is simple, hence, we assume Frechet differentiability of At·
Our purpose is to show that the limit function e(x, y) is not an admissible design.
THEOREM 1. There does not exist an optimal design e(x, y) e L 1 (D)nL2 (D) and a cor-

e

responding displacement ii(x, y) E HJ(D) such that

eu
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E

H 1 (D) and

11 =

max At (e, u)
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for all admissible choices of e(X, y) for either the unconstrained problem, or for choices ofe
satisfying the constraint

Je (x, y) dx dy = l.

D

Proof. Let us consider the unconstrained problem first. Since At(f!) is a Frechet
differentiable function of e (see the appendix and the preceding discussion), the necessary
condition for an extremum of lt is the vanishing of the Frechet derivative of i 1 •. i.e.
tb.(e)
de

=o

.
Hence, in the unconstrained case we compute

Since

al~.
au

-u2 <eu.u)
ll~u~l

2

u2

= -lt
= 0,
0(!
0, contradicting the fact that u(x, y) is the eigenfunction

= 0 (see Appendix 1), we obtain

alt

=

which is possible only if u
corresponding to the eigenvalue

=

u =0 is not permitted. In the
~constrained case we derive by a similar argument:= 0, where tP = i +p f e dx dy. Here
11 ;

hence the trivial case

1

/A is a (constant) Lagrangian multiplier. Hence :

= -lt u1 + ,u =

0 is the necessary

condition for optimality of At· This is possible only if u(x, y) = ± {p/1 1 ) 112 •
But the continuity of u(x, y) makes this solution inadmissible, and the proof is complete.
l
We make the observation that the entire argument can be repeated without major
!changes for the more general equation Ll(T(x, y) u(x, y))+ A.e(x, y) u(x, y) = 0 where
T(x, y) > 0 in Q, with an identical boundary condition u(x, y) 0 on oD.

=

3. Suboptimal designs

Numerical analysis reveals that the known difficulties leading to singularities in the design of optimal vibrating beams- and plates (see N. OLHOFF [1], or E. F. MAMJR [2])
persist in this much simpler case. The design develops a zero cross-section and in the
manner resembling the unconstrained optimal column design of Olhoff. To optimize .l 1
the membrane design exhibits a definite development . of singularities and of almost discontinuous corresponding diplacements (the slope is almost vertical at the thin points
in the membrane). The author did not attempt to duplicate the numerical analysis of N.
OLHOFF and S. H. RAsMUSSEN in encorporating a minimum cross-sectional area constraint, which produces a definite optimal design (without singularities) in the case of a vibrating beam or a column clamped at both ends.
Ho~ever, the simple result offered in this paper illustrates the lack of smoothness en~
countered in the more difficult optimization problems.
10 Arch. Mech. Stos. nr 1/81
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Appendix 1
Existence of the Frechet derivatives, and computation of their values. It is well known
that the existence of a minimum (or maximum) of a Frechet differentiable functional~
in a cone S of a Hilbert space H does not necessarily imply that the derivative vanishes
at the point where lP attains a minimum (maximum), or even that it satisfies the Hesteness
condition Wu ~ 0 at that point. However, if the minimum occurs at an interior point of
an open ball in H, then this assertion is correct. (See M. M. VAINBERG [4])
In this paper we need the Frechet differentiability of the eigenvalue At· In general
this requirement is too stringent. But if we can ascertain that At is a simple eigenvalue,
and the design problems are solved in a stable region where the changes in design do not
cause coalescing of the first and second fundamental frequencies, in that case the Frechet
derivative

a:ut exists and it can be explicitly computed. This

assertion is true in linear

vibration problems.
For u(x, y) considered as an interior point of an open ball in HJ(D), and for a fixed
e(x, y) e L 2 (D)nL1 (D), we select an arbitrary vector 'fJ e Hl,(D), TJ = 0 on oD, a sufficiently small (in absolute value) real number t, and we compute the Gateaux difference:
<)A =A (u+t )-A:(u) = (V(u+tTJ), V(u+tTJ)) _(Vu, Vu).
1
"~ 1
'YJ
<e(u+t1J),(u+t7J))
<eu,u)

After some manipulation we reduce b'l A: 1 to the form
2t{((!U, u) ·(Vu, V7])-(Vu, Vu)(eu, 7J)}+o(t 2 )
((!u, u) {<eu, u) + 2t(eu, t]) +o(t 2 )}

Using Green's formula we replace (Vu, Vt]) by -(L1u, 1J). The necessary condition for
the stationary behaviour of A1 is given by the vanishing of the Gateaux derivative, which
becomes the vanishing of the Frechet derivative if the corresponding form is a continuous
functional of 7J. Hence we assert that for all admissible 7J e H 1 (D), the following equation
must be satisfied:
(t], ( -<eu, u)L1u-(Vu, Vu)eu)) = 0;

this is equivalent to L1u+ A: 1 eu = 0, by the fundamental theorem of calculus of variations, that is to the original equation describing the configuration of the . membrane corresponding to the fundamental eigenvalue At.
Our conclusion that A1 is Frechet differentiable follows from our definition of the
inner product(,) (which is defined as an integral) from L 2 (D) property of 'fJ, and from
the previously made assumptions concerning A1 •
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